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Abstract
We propose a trapped-ion platform to simulate a reconfigurable spin-spin Hamiltonian related to
quantum thermodynamic processes. Starting from an experimental model describing two trapped-
ions under slightly off-resonant first sideband driving with individually controlled driving phases,
we follow an operational quantum optics approach to show that it produces an effective model
appearing in recent quantum thermodynamics proposals. We show that projection into the vi-
brational ground state manifold allows full analytic treatment. As a practical example, we take
experimental data from a 187Yb+ trap and numerically simulate the reversal of heat flow between
two thermal spins controlled by their quantum correlations.
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I. INTRODUCTION
Thermodynamics played an essential role in the development of quantum theory [1]. In
recent decades, quantum mechanics is helping redefine thermodynamics providing a quantum
origin for its laws [2–4]. In this sense, for example, the three level maser helped introduce the
idea of quantum heat engines to study the theory of heat for Carnot cycles [5, 6]. In these
engines, the working substance is a quantum system; for example, harmonic oscillators [7, 8],
two level atoms [9–11], and systems from quantum electrodynamics like cavities [12], trapped
ions [13–15], or optomechanical systems [16]. A fundamental concept in this framework is the
energy transfer from one quantum system to another that is closely related to the variation
of quantum correlations [17, 18].
Quantum correlations play a fundamental role in describing the exchange of energy in
bipartite quantum systems, in order to test the second law of thermodynamics [19–22].
According to Clausius, heat can never pass from a colder to a warmer body without some
other change, connected therewith, occurring at the same time [23]. At the microscopic level,
contemporaneous results show that quantum correlations can help reversing the natural flow
of heat transfer, understood as the exchange of energy [20]. Furthermore, this inversion can
be achieved without reversing the arrow of time [24]. It is possible to think about two basic
approaches to realize quantum thermodynamics; its full physical realization in a multipartite
open quantum system [25–30] or its quantum simulation in a highly controllable platform
that is robust to decoherence. A recent example of the experimental quantum simulation of
heat engines using the nuclear magnetic resonance platform [31] focuses on the the reversal
of heat flow due to correlations in the initial state of the system. Here, we will explore
ion-traps, another well-established platform for quantum simulation [32], and build upon
experimental proposals to realize integer-spin chains [33] to show that it is possible to use
them as a reconfigurable platform for the simulation of quantum heat engines.
We focus on a trap where two ions interact with two common vibrational modes of
their center of mass motion and require off-resonant first sideband driving with independent
phase control. In the following section, we analytically show we can take the model into
an integer-spin chain form with individual control of the effective magnetic fields and spin-
spin interactions. Then, we show that our model reduces to a form related to proposals for
the simulation of quantum heat engines and the reversal of the heat flow direction in the
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vibrational ground state manifold. We focus on the latter and use experimental data from
an 187Yb+ trap to demonstrate its experimental feasibility using our platform. Finally, we
close with a brief summary and conclusion.
II. TRAPPED ION PLATFORM
We start from the experimental realization of a quantum integer-spin chain with control-
lable interactions in trapped ions [33],
Hˆ = Hˆ0 +
∑
j
~Ωj
{
ei
∑
m ηjm(aˆ
†
m+aˆm)ei(φj−ωt) + e−i
∑
m ηjm(aˆ
†
m+aˆm)e−i(φj−ωt)
}(
σˆ
(j)
+ + σˆ
(j)
−
)
,
(1)
where we allow for controllable phase differences between driving lasers. The free Hamilto-
nian,
Hˆ0
~
=
∑
j
ωe
2
σˆ(j)z +
∑
m
ωmnˆm, (2)
describes two internal levels of two trapped-ions in terms of Pauli matrices, σˆ
(j)
i with i = z,±
and j = 1, 2, and two common vibration modes of their center of mass motion in terms of
the phonon creation (annihilation) operators, aˆ†m (aˆm) with m = 1, 2 and phonon number
operator nˆm = aˆ
†
maˆm. The frequencies ωe, ω, ωm, are those of the two-level system energy
gap, the driving fields, which we assume identical in both cases, and the m-th common
vibrational mode, in that order. We assume full and independent control of the coupling
strength Ωj between internal levels and vibrational modes, and the phase of driving lasers
φm, leading to a Lamb-Dicke factor ηjm between the j-th ion and the m-th mode.
Carefully extending a standard theoretical procedure for single ion systems [34], we move
into the frame defined by the free Hamiltonian Hˆ0 and perform a rotating wave approxima-
tion,
HˆRWA
~
= i
∑
j
Ωje
− η
2
j1+η
2
j2
2
{[
ηj1F (ηj1, nˆ1; ηj2, nˆ2)aˆ1e
i(δ−ω1)t + ηj2G(ηj1, nˆ1; ηj2, nˆ2)aˆ2ei(δ−ω2)t
]
× σˆ(j)+ eiφj +
[
ηj1aˆ
†
1F (ηj1, nˆ1; ηj1, nˆ2)e
−i(δ−ω1)t + ηj2aˆ
†
2G(ηj1, nˆ1; ηj2, nˆ2)e
−i(δ−ω2)t
]
σˆ
(j)
− e
−iφj
}
,
(3)
where we neglect terms including the frequency ∆ = ωe + ω and keep those with frequency
δ = ωe − ω. This is done in the laboratory by choosing a driving frequency ω such that
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∆ δ ∼ ωm. The effective coupling constants,
F (ηj1, nˆ1; ηj2, nˆ2) = 1F1(−nˆ1; 2; ηj12)Lnˆ2(ηj22),
G(ηj1, nˆ1; ηj2, nˆ2) = 1F1(−nˆ2; 2; ηj22)Lnˆ1(ηj12),
(4)
are given in terms of Kummer confluent hypergeometric function 1F1(a; b; z) and the gener-
alized Laguerre polynomial L
(b)
a (z) [35]. In the Lamb-Dicke regime ηm,j〈aˆm + aˆ†m〉1/2  1,
we can approximate these functions to yield the following expression,
HˆLD
~
'
∑
j
δ
2
σˆ(j)z +
∑
m
ωmnˆm + i
∑
j,m
Ωjηjm
(
aˆmσˆ
(j)
+ e
iφj − aˆ†mσˆ(j)− e−iφj
)
, (5)
once we move into the rotating frame defined by the first two terms in the right hand side.
Now, we use a small rotation [36],
Rˆ = exp
[
−i
∑
l,s=1,2
gls
(
aˆlσˆ
(s)
+ e
iθs + aˆ†l σˆ
(s)
− e
−iθs
)]
, (6)
with parameters,
gmj =
Ωjηmj
δ − ωm , (7)
to realize that the effective Hamiltonian of the system is that of an integer spin chain,
HˆR
~
'
∑
m
ωmnˆm +
∑
j,m
Vjm (2nˆm + 1) σˆ
(j)
z +
∑
j,m6=l
Ω2jηjmηjl
δ − ωl
(
aˆ†l aˆm + aˆlaˆ
†
m
)
σˆ(j)z +∑
j 6=s
Jjs
(
σˆ
(j)
+ σˆ
(s)
− e
i∆φjs + σˆ
(j)
− σˆ
(s)
+ e
−i∆φjs
)
,
(8)
with tunable interactions,
Vjm =
Ωjηjm
δ − ωm and Jjs = ΩjΩs
∑
m
ηjmηsm
δ − ωm , (9)
as long as the experiment parameters fulfil δ ∼ ωm and Ωjηjk  (δ − ωm) in the Lamb-
Dicke regime. The first right hand side term of this effective Hamiltonian describes the
free common vibrational modes, the second term has the form of Stark effect between the
phonon field and the two-level systems, the third term is a Stark-like effect but in terms of a
beam-splitter-like interaction between the common vibrational modes. The fifth term is our
objective, a spin-spin interaction controllable by the relative phase difference between the
driving fields ∆φjs = φj−φs. This model is our first contribution, a first principles algebraic
derivation of a trapped-ion platform for the simulation of quantum thermodynamics based
on integer-spin chain models. In the following, we will provide a working example.
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III. EVOLUTION IN THE VIBRATIONAL GROUND STATE MANIFOLD
For the sake of simplicity, we consider the common vibrational modes initialized in their
ground state. In the Lamb-Dicke regime, the coupling between internal states and vibra-
tional modes is small and the number of excitations remains unchanged. Thus, we can
project our model into the vibrational ground state and recover an effective spin chain
model,
HˆS
~
=
∑
j,m
Vjmσˆ
(j)
z +
∑
j 6=s
Jjs
(
σˆ
(j)
+ σˆ
(s)
− e
i∆φjs + σˆ
(j)
− σˆ
(s)
+ e
−i∆φjs
)
, (10)
with individual control of the magnetic fields driving each spin and the spin-spin interaction.
This model defines our simulation frame as it is the basic building block for spin-spin pro-
posals that realize quantum heat engines [14] and reversal of the heat flow direction using
quantum correlations [31]. We focus on the latter. Thus, we consider an initial state in the
laboratory frame,
ρˆ(0) = ρˆs(0)⊗ |00〉〈00|, (11)
where the ions are initialized in separable thermal states plus an arbitrary correlation,
ρˆs(0) =
e−Γ+
Z1Z2

eΓ+ 0 0 0
0 eΓ− α 0
0 α∗ e−Γ− 0
0 0 0 e−Γ+
 , (12)
where the ions pseudo-temperatures appear via Γj = ~ωeβj/2 with βj = (kBTj)−1 and
Boltzmann constant kB and Γ± = Γ1 ± Γ2. The partition functions are Zj = Tr[e−βjHˆj ]
with Hˆj = ~ωe2 (1− σˆjz). As each ion is prepared in a state equivalent to a local Gibbs state
ρˆ
(j)
Tj
= e−βjHˆj/Zj, the energy exchange between them can be interpreted as heat transfer
[37]. The correlation parameter α must fulfil |α|2 ≤ 1/2 − (1 + tanh Γ1)2 (1 + tanh Γ2)2 /8
in order to keep the trace of the spin reduced density matrix equal to one.
Choosing driving phases φ1m = φ2m ≡ φm allows us to construct an analytic evolution
operator,
Uˆ(t) =

U11(t) 0 0 0
0 U22(t) U23(t) 0
0 −U∗23(t) U∗22(t) 0
0 0 0 U∗11(t)
 (13)
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with matrix components, U11(t) = e−iV+t, U22(t) = cos Ωt − i(V−/Ω) sin Ωt , U23(t) =
−i(J/Ω)ei∆φ sin Ωt, defined in terms of the auxiliary frequencies V± =
∑
m(V1m ± V2m)
and Ω =
√
V 2− + J2 with J = J12 + J21 and ∆φ = φ1 − φ2.
It is straightforward but cumbersome to evolve the initial state in the laboratory frame.
The fact that population inversion measurements,
Tr
[
ρˆ(t)σˆ(j)z
] ' Tr [Uˆ †(t)ρˆ(0)Uˆ(t)σˆ(j)z ] , (14)
are similar in the laboratory and simulation frames due to the transformations and approxi-
mations used, makes it a natural choice to work with the pseudo-energies for each simulated
spin,
Qj = 1
2
~ωeTr
[
ρˆ(t)σˆ(j)z
]
, (15)
as they can be reconstructed from the fluorescence of each ion in the laboratory,
Q1(t) = ~ωe
2Ω2
[
J2 sin2 Ωt
(
tanh Γ1 − tanh Γ2 − 4V−r
J
cos ∆θ
)
+ (16)
Ω2
(
1− tanh Γ1 − 2Jr
Ω
sin ∆θ sin 2Ωt
)]
,
Q2(t) = ~ωe
2Ω2
[
J2 sin2 Ωt
(
tanh Γ2 − tanh Γ1 + 4V−r
J
cos ∆θ
)
+ (17)
Ω2
(
1− tanh Γ2 + 2Jr
Ω
sin ∆θ sin 2Ωt
)]
,
where we use a polar decomposition of the complex correlation parameter α = reiθ and
define ∆θ ≡ ∆φ− θ. We calculate a pseudo-energy difference,
Q12(t) = −~ωe
Ω2
[
1
2
(tanh Γ1 − tanh Γ2)
(
J2 cos 2Ωt+ V 2−
)
+ (18)
2Jr
(
2V− cos ∆θ sin2 Ωt+ Ω sin ∆θ sin 2Ωt
) ]
,
and its flux from the first to the second ion,
d
dt
Q12(t) = ~ωe
Ω
[
J2 (tanh Γ1 − tanh Γ2) sin 2Ωt− (19)
4Jr (V− cos ∆θ sin 2Ωt+ Ω sin ∆θ cos 2Ωt)].
We can already try to reverse the direction of the pseudo-heat-flow by adequately choosing
the amplitude r and phase θ of the correlation parameter α. In the following, we focus on
parameters from a particular experiment that make it simpler to realize this.
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IV. HEAT FLOW DIRECTION REVERSAL
Let us consider the experimental parameters from an actual Ytterbium ion trap [33],
{ω0, ω1, ω2}/2pi = {12.643 GHz, 3.5838 MHz, 3.5305 MHz} tuned to provide coupling strengths
Ω1/2pi = Ω2/2pi = 300 KHz and Lamb-Dicke parameters ηjm = 0.049. We ask for slightly
asymmetric off-resonant first sideband driving such that δ = 3.5571 MHz < (ω1 + ω2)/2 =
3.55715 MHz and a phase difference ∆φj = −pi/2 between driving fields. We focus on closed
dynamics as Ytterbium traps report up to one second coherence times [38] and parameters
provide J12 = J21 = J/2 = 191.17 Hz, V+ = 382.34167 Hz, V− = 0, and Ω = J such that we
recover a simplified pseudo-heat-flow,
d
dt
Q12(t) =~ωeJ [(tanh Γ1 − tanh Γ2) sin 2Jt− 4r sin ∆θ cos 2Jt] , (20)
providing a viable simulation in the millisecond range.
Absence of correlations and pseudo-temperature difference, yields a null pseudo-heat-
flow. For identical pseudo-temperatures, the direction of the flow depends on the phase
difference between the driving fields and that of the correlation ∆θ: a zero value produces
null flow, a negative (positive) one induces flow from the first (second) to the second (first)
simulated spin. For no correlations and pseudo-temperatures T1 > T2, the flow immediately
becomes positive; that is, a decreasing T1 and increasing T2 as expected from standard
thermodynamics, see the pale red and blue lines in Fig. 1 for ions prepared in initial thermal
states with T1 = 265 mK and T2 = 255 K. In this case, it is possible to calculate a
correlation value that produces the opposite effect, see the strong blue and red lines in
Fig. 1 for α = reiθ = 0.05 such that ∆θ = ∆φ = pi/2. It is important to stress that the
quantum simulation is valid in the range 2Ωt ∈ [0, pi/2].
In general for a given experimental parameter set, we decide where to place ourselves in
the simulation by choosing a suitable value of the correlation amplitude r for a fixed phase
difference, Fig. 2(a), or vice-versa, Fig. 2(b).
V. CONCLUSION
We used a first principles model and an operator approach to show that two trapped-
ions provide a reconfigurable platform for the simulation of quantum thermodynamics. Our
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FIG. 1. (a) Pseudo-energies of the simulated spins with initial correlation α = 0 in light red and
blue, α = 0.05 in red and blue, and (b) their corresponding pseudo-heat-flow in gray for α = 0
and black for α = 0.05. Dots show the full numerical evolution under dynamics provided by HˆLD
within a vibrational manifold with up to 10 excitations.
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FIG. 2. Pseudo-heat-flow evolution for (a) fixed correlation amplitude r = 0.05 and variable phase
difference ∆θ ∈ [−pi, pi], and (b) vice-versa for ∆θ = −pi/2 and r ∈ [0, 0.5].
proposal requires off-resonant first sideband driving and the ability to control the phase dif-
ferences between driving lasers. It simulates an integer-spin chain where both the magnetic
fields driving each spin and the spin-spin interactions are controlled individually. Particu-
lar simplifications of our model are related to current theoretical proposals on the field of
quantum thermodynamics.
As a practical example, we took experimental data from an 187Yb+ trap to show that it is
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possible to simulate the reversal of heat flow direction in this platform. In our simulation, the
internal levels are initialized into thermal states plus a correlation and the vibrational modes
to the ground state. The population difference of individual ion defines pseudo-energies
and the time derivative of their difference provides a pseudo-heat-flow whose direction is
controlled by the correlation.
We believe that our proposal in its most general form can play a significant role for the
simulation of complex quantum thermodynamics processes in trapped-ions.
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